In this paper we will consider the periodic isoperimetric problem in the case where G is one of the 36 cubic space groups, viewed as a finite group acting on the unit cubic torus T = R 3 /Z 3 . A cubic group G does not leave invariant any direction in the space or, equivalently, G contains 111 3-fold axes (i.e., 3-fold axes parallel to the four body diagonals of the cube). For details about these groups see, for instance, the International Tables for Crystallography [11] and the Bilbao Crystallographic Server [18] . For our purposes, the main invariants associated to a cubic group G will be k(G), the minimum number of points in an orbit of G, and χ(G), the largest Euler characteristic among nonspherical G-isoperimetric surfaces. The first one can be checked directly, and in Theorem 8 and §4 we will give upper estimates for the second one; see Table 1 . In particular we will prove that we always have χ(G) ≤ −4. Our main result is a sharp isoperimetric inequality for G-invariant regions in terms of k(G) and χ(G). Moreover, since this inequality is optimal for small volumes, we solve explicitly the G-isoperimetric problem in that range. In particular we will obtain the following result.
Introduction
The study of the isoperimetric problem in the presence of crystallographic symmetries is an interesting unsolved question in classical differential geometry: Given a space group G, we want to describe, among surfaces dividing Euclidean 3-space into two G-invariant regions with prescribed volume fractions, those which have the least area per unit cell of the group. We know that this periodic isoperimetric problem always has solutions and any of these solutions is a smooth triply periodic surface with constant mean curvature ( [3, 8, 12, 20, 21] ). The explicit description of these surfaces, which we call G-isoperimetric surfaces, remains open in most of the cases. Let us consider, for instance, the following two simple situations. Assume the prefixed volume fractions are (both) equal to 1/2. If G is the cubic integer lattice Z 3 , then it was proved by Hadwiger [10] that the G-isoperimetric surface is, up to symmetries, the family of parallel planes x = n/2, n ∈ Z. If G is the group of symmetries of Z 3 (P m3m in crystallographic notation), then it is conjectured that the isoperimetric surface is the classical P Schwarz triply periodic minimal surface. From the point of view of applications, it is also important to obtain explicit isoperimetric inequalities for periodic regions with prescribed symmetries.
Triply periodic minimal surfaces and related surfaces are widely accepted in crystallography and materials science; see for instance the papers [6, 13, 17, 29, 30] . They appear as interface models in mesoscale self-assembled phenomena. Some of these are reminiscent of the familiar soap bubbles (such as lipid-water systems), but others are of a different nature (such as diblock copolymers). Roughly speaking, these interfaces are periodic and separate two immiscible liquid materials. The size of the periods varies between tens and hundreds of nanometers and the more interesting cases usually present cubic symmetry. Mesoscale interfaces can be treated as periodic surfaces minimizing (under volume fraction constraints) a suitable energy, whose dominant term is, in several cases, the area of the interface itself. So the periodic isoperimetric problem is the simplest geometric model to explain the shapes of these interfaces. Among the surfaces appearing most frequently in this context are periodic arrays of planes, spheres and cylinders, and small perturbations of constant mean curvature P (G = P m3m) and D (G = F d3m) Schwarz surfaces and the G Schoen Gyroid (G = I4 1 32). Figure 1 . The minimal Gyroid G was discovered by A. Schoen [28] . As a distintive symmetry, it has 4 1 -fold axes (i.e., screw axes of order four) parallel to the edges of the cube. It is conjectured that the Gyroid has least area among surfaces dividing the 3-space into two I4 1 32-invariant regions with equal volume fractions. Theorem 1. Let G be a cubic space group, k = k(G) the minimum number of points in an orbit of G and χ = χ(G) the largest Euler characteristic among nonspherical G-isoperimetric surfaces in the cubic torus T = R 3 /Z 3 . Then any G-isoperimetric surface enclosing a volume smaller than or equal to
is a (disjoint) union of k spheres centered at the points of a smallest orbit of G.
Any surface Σ ⊂ T separating the torus into two G-invariant regions with the same volumes satisfies
In Table 1 we have listed the values k(G) and our estimates of χ(G) for all the cubic groups. Then we give the estimates of Theorem 1 particularized to each one of these groups. We can compare Table 1 with Table 2 , which gives the area of several concrete periodic constant mean curvature surfaces (including some minimal surfaces) which are candidates for solving the isoperimetric problem with equal volume fractions for various groups G. In some cases the exact value of the area is known, as in the first three rows (see Table 3 ), and in the other cases the value has been computed numerically; see [9, 17] and in particular [2] . Note that we give two surfaces with F m3m symmetry. The area of the first one is exact, but the value for the second one is only a crude approximation taken from the graphics of [2] . So is not yet clear which one is better.
The next theorem contains our general isoperimetric inequality. The volumearea profile of k spheres, giving the area of k spheres of the same radius in term of the enclosed volume, is J k (v) = (36kπv 2 ) 1/3 . It will be clear after the proof of the theorem that J k,χ (v) is symmetric with respect to v = 1/2. In applications of the above isoperimetric inequality, it may be convenient to use the following explicit parameterization of the nonspherical part of J k,χ : The graph of J k,χ between v 0 and 1 − v 0 coincides with the trace of the curve
The isoperimetric profile of a cubic group G is the function I G : [0, 1] → R defined by
where V (Ω) is the volume of Ω and A(∂Ω) is the area of its boundary. Theorem 2 can be stated as I G ≥ J k,χ . In the Figures 2, 3 and 4 we give J k,χ for the groups P m3m, F d3m and I4 1 32 using the data in Table 1 . In the three cases J k,χ is the lower concave curve joining the points (0, 0) and (1, 0) . The upper concave curve joining the same points corresponds to the volume-area of concrete G-symmetric surfaces: spheres, for small and large volumes, and surfaces equidistant from the minimal P and D Schwarz surfaces and the G Schoen Gyroid, respectively (the range where these equidistant surfaces are free of singularities is given by Lemma 3 and Table 3 ). Thus, the isoperimetric profile I G lies between these two graphs. Note the accuracy of the isoperimetric inequality of Theorem 2 for these three groups (especially for the last one, G = I4 1 32). It seems natural to hope that the following assertion holds. 
Conjecture 1.
The isoperimetric surfaces for the groups P m3m, F d3m and I4 1 32 consist of spheres, for small and large volumes, and constant mean curvature P , D and G surfaces, for intermediate volumes, respectively. In particular, the minimal P and D Schwarz surfaces and the minimal G Schoen Gyroid minimize the area among surfaces dividing the torus into two regions with the above symmetries and equal volumes.
The constant mean curvature P , D and G surfaces are surfaces obtained by deforming the minimal ones inside the family of surfaces with the same orientationpreserving symmetries. Finally we mention another interesting question: to decide which cubic space groups have the same isoperimetric surfaces. We give below an (incomplete) list of families which seem to verify this property.
Conjecture 2. The groups in each one of the following families have the same isoperimetric regions:
(1) P 23, P 432, P m3, P 43m, P m3m;
(2) P 2 1 3, P 4 1 32;
(3) I23, I432, Im3, I43m, Im3m;
In the case where G is one of the groups in the first row of Table 1 , the results of Theorems 1 and 2 have been proved in [12] .
Preliminaries
In this paper G will denote a cubic space group acting on the unit cubic 3-torus T = R 3 /Z 3 . This means that G is a finite group of symmetries of T with 3-fold rotation axes along the 111 directions (i.e., 3-fold axes are parallel to the four body diagonals of the cubic torus). These groups are listed in Table 1 following the International Tables for Crystallography nomenclature; see [11] and the website [18] . Primitive groups, named P . . ., do not have nonzero translations. Body-centered groups I . . . contain the body-centering translation (x + 1/2, y + 1/2, z + 1/2) and face-centered groups F . . . contain the face-centering translations (x, y+1/2, z+1/2), (x + 1/2, y, z + 1/2) and (x + 1/2, y + 1/2, z).
Let Σ ⊂ T be a surface enclosing a G-invariant region Ω. Our convention about the sign of the mean curvature and the principal curvatures of Σ is the one which gives H = 1 when Σ is an unit sphere and Ω is the ball inside. We can consider the (single) equidistant surface Σ t = {points in T whose oriented distance to Σ is t}. The oriented distance to Σ is measured with respect to the unit normal pointing towards T − Ω and t is taken in the connected range around t = 0 where Σ t Table 3 .
is free of singularities. Any equidistant surface with t = 0 lies either in Ω or in T − Ω (corresponding to the cases t < 0 and t > 0, respectively). The double equidistant surface Σ t ∪ Σ −t consists of points in T whose (unoriented) distance to Σ is equal to t. Note that the region enclosed by Σ t has the same symmetries as Ω. In general, the control of the range where the equidistant surface is nonsingular depends of global information about Σ. However in the case where Σ has nonnegative mean curvature, as a consequence of the maximum principle, it depends only on the curvature of the surface.
Lemma 3 ([26]
). If Σ ⊂ T is nonplanar, bounds a region Ω and has nonnegative mean curvature
If Σ is minimal and nonplanar, then the same holds at both sides of Σ.
If Σ has constant mean curvature H, then the volume enclosed by the equidistant surface Σ t and its area can be expressed in term of the volume of Ω, V , the area of Σ, A, its Euler characteristic χ, and H. They are given by
The area and the first focal value of the minimal P and D Schwarz surfaces and the Schoen Gyroid G (in the unit cubic torus) can be computed after their Weierstrass data; see for instance [7] . They are given in Table 3 in term of the elliptic integrals K = EllipticK [1/4] and K = EllipticK [3/4] 
To compute the first focal value of the P surface, use that the maximum of the absolute Gauss curvature is attained at the intersection with the 2-fold axes (along the 100 directions). For the other surfaces use that the three minimal surfaces P , D and G lie in the same Bonnet family (up to a positive factor) ( [15] ).
Consider the following family of ordinary differential equations, parameterized by an even integer number χ:
(ii) J is concave, symmetric with respect to a vertical line and meets the horizontal axis orthogonally.
Note that if Σ ⊂ T is a closed surface with χ(Σ) = χ, area A 0 , enclosing a region of volume V 0 and with mean curvature H 0 , then it follows from (4) that the curve γ(t) describes the volume-area of the equidistant surface Σ t , if we restrict t to the connected range around t = 0 where this equidistant surface is nonsingular.
The only solutions of χ we will use in the case χ ≥ 0 will be the volume-area profile of k round balls (of the same radius) J k (v) = (36kπv 2 ) 1/3 (with χ = 2k) or the complementary regions in T , J k (1 − v) , or the volume-area profile of n closed cylinders in T all related by symmetries (with χ = 0).
The G-isoperimetric problem consists of minimizing the area among closed surfaces Σ ⊂ T enclosing a G-invariant region of prescribed volume. These least area surfaces (resp. the regions they enclose) are called G-isoperimetric surfaces (resp. Gisoperimetric regions). Isoperimetric surfaces Σ always exist and they are smooth surfaces (without singularities) with constant mean curvature; see [3, 8, 20] and [12, 21] for the necessary modifications for adapting the general result to the symmetric case. Although G-isoperimetric surfaces do not need to be connected, we have that either Σ is planar or the connected components of Σ are all related by the symmetries of G.
Isoperimetric surfaces with nonnegative Euler characteristic can be described completely. The following facts were proved in [12] by using results from [22, 25, 27] (the planar case appears as another possibility in Theorem 8 of [12] but not here since it is clearly incompatible with the cubic symmetry). The G-isoperimetric profile is the function I G which assigns to each volume v, 0 < v < 1, the area of G-isoperimetric surfaces Σ enclosing a volume v. The profile I G is symmetric , I G (v) = I G (1 − v), concave (in particular I G has lateral derivatives everywhere) and it attains its maximum at v = 1/2.
Moreover the profile I G satisfies (in the weak sense) the differential inequality (6)
is the Euler characteristic of Σ; see [4] . This means that if we consider the solution J of χ with χ = χ(Σ), J(v) = A(Σ) and J (v) = 2H in a small interval around v, then we have J ≥ I G in that interval. The inequality follows because J is the volume-area profile of the equidistant surfaces to Σ and I G is the minimizing volume-area profile among G-invariant surfaces in T . Thus I G is a supersolution of χ.
The mean curvature H of Σ is controlled by the slope (i.e., by the lateral derivatives) of I G at v: [4, 12, 27] . As a consequence, if a minimal surface Σ is isoperimetric, then Σ divides the torus T into two equal volumes. This can be seen as follows: otherwise the profile will be constant along an open interval. From (6) , that would be possible only if any isoperimetric surface in that range has nonnegative Euler characteristic, but this contradicts Proposition 5 which says that there are no minimal surfaces satisfying this condition. We also have that (7) H > 0 (resp.
).
Proposition 6 (The maximum principle, [12] ). Let I and J be a nonnegative solution of the equation χ and a nonnegative supersolution of χ , respectively, both defined in the interval
If the equality holds at some interior value, then I = J in the whole interval.
(
The following result (see Theorem 8 in [12] ) shows that only for spheres and cylinders can equality hold in (6).
Lemma 7. If I G satisfies the equation χ in an open interval, v 1 < v < v 2 , χ being an upper bound of the Euler characteristic of G-isoperimetric surfaces in that range, then any isoperimetric surface enclosing a volume in the interval (v 1 , v 2 ) must be either spherical or cylindrical.
For properties of triply periodic minimal surfaces see [15] and for general facts about the isoperimetric problem see [27] . Proof. Recall that J k (v) = (36kπv 2 ) 1/3 is the volume-area profile of k equal spheres. We know that any G-isoperimetric surface enclosing a small enough volume consists of k spheres (centered at one of the smallest orbits of G) by Proposition 5; for details see [22, 12] . Let v sph , 0 < v sph ≤ 1/2, be the largest volume such that
Isoperimetry and symmetries
If spheres where isoperimetric for some volume between v sph and 1/2, then we would have that J k and I G coincide at v sph and v 1 , with v sph < v 1 ≤ 1/2. Between v sph and v 1 the profile I G is a supersolution of I 2 I + I(I ) 2 ≤ 0 and J k is a solution of I 2 I + I(I ) 2 − 8kπ = 0. Moreover I G < J k at the interior of that interval. From the maximum principle in Proposition 6, we conclude that I G ≥ J k for v sph ≤ v ≤ v 1 and this contradiction proves (i). Now we prove (ii). Let Σ ⊂ T be a G-isoperimetric surface whose connected components are 2-tori. These tori must be nonintersecting right cylinders all related by symmetry by Proposition 5. These figures have been studied by O'Keeffe et al. [23, 24] . If the axes of these cylinders are neither rotation axes nor screw axes, then each cylinder can be translated suitably normal to its axis in such a way that the new surface Σ is still G-invariant and, thus, Σ is G-isoperimetric, too. We keep on translating until two components of Σ touch each other for the first time (that will certainly hold before the cylinders meet some of the 3-fold axes) which contradicts the regularity properties of isoperimetric surfaces. Therefore, the axes of the cylinders of Σ are parallel either to 100 or 110 or 111 directions (these directions correspond to the edges of the cube, the diagonal of its faces and the body diagonals, respectively).
In the case 110 the axes of each cylinder will be perpendicular to one of the 3-fold axes and so the cylinder will intersect its rotated image. Therefore there are no nonintersecting G-invariant 110 -cylinders ( [23] ).
In the remaining two cases, we will exclude most (but not all) of the cubic groups by direct comparison of cylindrical and spherical G-invariant surfaces. The surface Σ consists of n cylinders of radius r and length of its axis l. Hence the area of Σ is A = 2πnlr and the enclosed volume V = πnlr 2 . Since Σ does it better than k spheres enclosing the same volume, we have 36kπ ≥ A 3 /V 2 = 8π 3 n 3 l 3 r 3 /(π 2 n 2 l 2 r 4 ) = 8πnl/r or, equivalently, (8) 9kr ≥ 2nl.
To obtain an upper bound for r, we use that, because of (7), we have 1/2 ≥ V = nlπr 2 , which gives r 2 ≤ 1/(2nlπ). From (8) we obtain
and we conclude
Now we discuss the two cases separately. Case 100 . We have l = 1. Symmetry and embeddedness imply that n = 3, 6, . . .. If n = 3, then there is only a cubic family of 100 -cylinders; see [23, 24] . The axes of these cylinders are the lines (1/2, 0, t), (t, 1/2, 0) and (0, t, 1/2) and the family has symmetry P m3n. Therefore G must be a primitive subgroup of this group (i.e., G = P m3n, P 43n, P m3, P 4 2 32 or P 23) and, in particular, k ≤ 2 (see Table 1 ) which contradicts the inequality (9) . If n ≥ 6, then (9) give k > 8; that is, if the smallest orbit of G has k ≤ 8 points, then 100 -cylinders with n ≥ 6 are not isoperimetric. This exclude all the primitive cubic groups; see Table 1 .
If G is a body-centered group, then using the centering translation (1/2, 1/2, 1/2), we get that n = 6, 12, . . ., which together with (9) implies n = 6 and k > 8. Using Table 1 , we conclude that G must be either I43d or Ia3d. According to [23, 24] there is a unique (up to enantiomorphisms) invariant cubic family of 100 -cylinders with n = 6. Since this family has symmetry I4 1 32, we exclude these groups too.
In the same way, if G is face-centered, then the invariance under the translations (1/2, 1/2, 0), (1/2, 0, 1/2), (0, 1/2, 1/2) imply n ≥ 12 and, using (9), we contradict k ≤ 16 in Table 1 .
Case 111 . We have l = √ 3 and n = 4, 8, . . .. From (9) we obtain k 2 ≥ 2 3 3 −5/2 π n 3 > 100. Therefore, if k ≤ 10, there are not G-isoperimetric cylinders of type 111 . This argument excludes 111 isoperimetric cylinders in all the cases except for three groups: I43d, Ia3d and F d3c which have k = 12 or 16. Moreover, for these groups we necessarily have n = 4.
Since the group F d3c contains the glide symmetry σ : (x, y, z) → (y, x, z + 1/2), there are not embedded 111 -cylinders with F d3c symmetry (the one whose axis has the direction (1, −1, 1) will intersects its image under σ).
Finally there is a (unique) figure Γ of 111 -cylinders with Ia3d (or I43d) symmetry and n = 4 (see [23, 24] ), the axes of the cylinders being just the 3-fold axes of the group (t, t, t), (−t, 1/2 − t, t), (1/2 + t, −t, t) and (1/2 − t, 1/2 + t, t). It encloses volumes between 0 and 3 1/2 π/8 = 0.680. Since I43d is an index 2 subgroup of Ia3d, to finish the proof of item (ii), it is enough to reason that Γ is not Ia3disoperimetric. We will do that by comparison with (equidistant) double Gyroids G r which consist of points whose distance to the minimal Gyroid G is equal to r. From Lemma 3 and Table 3 we have that the double Gyroid G r exists for 0 < r < 0.188. It has two congruent components and χ(G r ) = 2χ(G) = −16. The area of G r and the volume of the (mean convex) enclosed region {x ∈ T | dist(x, G) ≥ r} are given (see (4)) by
where A 1 = 3.0914 . . . is the area of the minimal G surface. The graph A = J(V ) of the curve (V (r), A(r)) verifies the differential equation
For the four cylinders in Γ (resp. for 16 spheres) the volume-area profile is A = 4(3 1/2 πV ) 1/2 (resp. A = (16 × 36πV 2 ) 1/3 ). These profiles meet at V = 0.201 . . . and the first one is smaller than the second one if and only if V is greater than this value.
For r 1 = 0.154 the point (V (r), A(r)) is (0.170 . . . , 3.798 . . .) which lies below the Γ volume-area profile and the slope of A = J(V ) at that point is 8.15129, which is smaller than the slope of the Γ-profile at the same V . Thus the maximum principle ((ii) of Proposition 6) implies that J(V ) is smaller than the Γ-profile for 0.171 < V ≤ 0.5. That proves (ii).
To prove (iii), we use particular properties of genus two surfaces. Let Σ = Σ/T be the quotient surface in the 3-torus T = T /T and suppose that χ(Σ ) = −2. We know from Meeks [19] that the mean convex region enclosed by Σ is a (genus two) handlebody. Therefore the connected components of the full lift Σ of Σ to R 3 are at most doubly periodic. If these components where either nonperiodic or singly periodic, then, because of special properties of embedded constant mean curvature surfaces [1, 16] , they will be round spheres or Delaunay cylinders, which is impossible. Thus the components of Σ are doubly periodic constant mean curvature surfaces and so they are contained in a (unique) slab of minimal width; see for instance [12] . Since these components differ from each other by a translation, these slabs are all parallel, which contradicts the cubic symmetry of the surface. Therefore χ(Σ ) ≤ −4 and we have proved the theorem. Now we prove that the isoperimetric profile I G of a cubic space group G is bounded below by the function J k,χ , I G ≥ J k,χ , where k = k(G) and 0 > χ ≥ χ(G).
Proof of Theorem 2. Denote by Γ A , A> 0, the trace of the curve γ A (t)= (v(t), a(t)), with v(t) = 1/2 + At + 2πχt 3 /3, a(t) = A + 2πχt 2 and t ∈ R, intersected with the upper half plane a ≥ 0. From (5) we have that Γ A is the graph of the solution of the equation J 2 J + J(J ) 2 − 4πχ = 0 satisfying the initial conditions J(1/2) = A and J (1/2) = 0. Moreover Γ A is concave, has a mirror symmetry at v = 1/2 and meets the v-axis orthogonally at two points which converge to (1/2, 0) (resp. (±∞, 0)) when A goes to zero (resp. infinity).
Thus for small values of A the curve Γ A lies below the isoperimetric profile I G . If we denote by A 0 the largest value of A satisfying this property, then we must have a first contact between Γ A0 and the graph of I G . This contact cannot hold at v = 0, since the curves Γ A meet the v-axis orthogonally and
by the maximum principle in Proposition 6 and Lemma 7. If the first contact holds at v = v sph , then Γ A0 and J k meet tangentially at v sph (G) and I G is trapped between them, Γ A0 ≤ I G ≤ J k , for v sph ≤ v ≤ 1/2, which is impossible too, by the boundary version of the maximum principle in Proposition 6.
Therefore the first contact between the curves Γ A , A > 0, and I G holds necessarily at some value v 0 in the (open) spherical range 0 < v 0 < v sph (G) (and its symmetric value with respect to v = 1/2). This value is characterized by the fact that there is a solution of χ which meets the k spheres profile J k tangentially at v 0 and attains its maximum at v = 1/2. Moreover the C 1 ((0, 1)) graph given by
is a lower bound of the isoperimetric profile I G . To prove that this curve is just the graph of the function J k,χ , we only need to compute v 0 and A 0 .
To do that, we take a generic point (4kπr 3 /3, 4kπr 2 ), r > 0, in the graph of J k and we consider the solution J of χ starting at that point with the same slope as J k . Since this slope is 2/r, by using (5), we obtain that J is given by the graph of the curve
The highest point of this curve is attained for s 0 = −2kr/χ and its value is
If we impose the condition that this point lies on the line v = 1/2, we obtain that r must be equal to
For r = r 0 the curve γ(s) is just a reparametrization of γ A0 (t) with t = s − s 0 . As a consequence we have that
That conclude the proof of the theorem.
Theorem 1 follows as a direct consequence of Theorem 2 and (12) . It follows also from the proof of Theorem 2 that the nonspherical part of J k,χ can be parameterized by γ A0 (t), as in (3). In particular, the range of variation of the parameter t is given by |t| ≤ s 0 .
Cubic space groups
In this section we explain the properties we need for the different kind of cubic groups acting on the cubic torus T = R 3 /Z 3 . Given a cubic group G, we will denote by k = k(G) (resp. χ = χ(G)) the smallest number of points in a G-orbit (resp. the largest Euler characteristic among nonspherical G-isoperimetric surfaces), and Σ ⊂ T will be a nonspherical G-isoperimetric surface. The value of k can be obtained by looking at the Wyckoff positions (in crystallography, Wyckoff positions describe the different types of orbits of the group) in the Crystallographic Tables; see [11, 18] . P23, P432, Pm3, P43m, Pm3m . These groups have been considered in [12] . They have k = 1 (the fixed point being either (0, 0, 0) or (1/2, 1/2, 1/2)) and χ ≤ −4. The Primitive P Schwarz surface is a natural candidate for solving the isoperimetric problem which has Euler characteristic equal to −4. We have conjectured that all the five groups have the same isoperimetric surfaces which should be either spherical or P Schwarz surfaces. 2 32, P43n, Pn3, Pn3m, Pm3n, Pn3n . The smallest orbit is given by (0, 0, 0), (1/2, 1/2, 1/2). As a consequence of Theorem 8, isoperimetric surfaces for these groups are either a couple of spheres, for small volumes, or surfaces with χ ≤ −4, for volumes close than 1/2.
P4
In the case P n3m we have a natural candidate for solving the isoperimetric problem, the double D, whose Euler characteristic is −4. 1 32 (P4 3 32) , Pa3, P2 1 3. Each of these groups have the subgroup G = P 2 1 2 1 2 1 given by the screw involutions (x, y, z), (−x + 1/2, −y, z + 1/2), (−x, y + 1/2, −z + 1/2) and (x + 1/2, −y + 1/2, −z). The action of G is free and, so, the quotient T /G is a flat 3-manifold and Σ/G is an orientable compact surface with negative Euler characteristic. Hence, χ(Σ) = 4χ(Σ/G ) ≤ −8, which implies χ(G) ≤ −8.
4.4. I23, I432, Im3, I43m, Im3m. A body-centered group G contains the translation (1/2, 1/2, 1/2) and thus, from Theorem 8, the Euler characteristic of a nonspherical isoperimetric surface in the torus T is at most −8. So χ(G) ≤ −8.
For the groups in this paragraph, we have k(G) = 2 and the smallest orbit is given by the points (0, 0, 0) and (1/2, 1/2, 1/2). Natural candidates for solving the isoperimetric problem for the group Im3m are the double constant mean curvature Schwarz P surfaces (χ = −8) and the (constant mean curvature) I − W P surfaces of Schoen (χ = −12). All the five groups are conjectured to have the same isoperimetric surfaces. 4.5. I2 1 3, I4 1 32. As in §4.3, these groups have the order four subgroup P 2 1 2 1 2 1 and therefore χ(Σ) ≤ −2 × 4 = −8. The smallest orbit has 8 points (the union of two P 2 1 2 1 2 1 -orbits). The minimal G surface of Schoen and its constant mean curvature deformations (see for instance [9] ) are natural candidates for the isoperimetric problem. They have Euler characteristic equal to −8.
the case F d3m, we have a natural candidate for solving the isoperimetric problem with χ = −16: the Diamond D Schwarz surface, [2, 15] . Figure 5 . The quotient orbifold T /F 432 of the cubic torus by the group F 432 is a 3-sphere and its singular graph is given by the 6 edges of a tetrahedron. These edges correspond to the quotient of the 2-fold, 3-fold and 4-fold axes of the group. 4.8. F432, Fm3m. In this case we can improve the estimate given §4.7 by considering specific properties of these groups. Instead of reasoning as in §4.6, we use here the quotient orbifold. The order of G = F 432 is 96 and the orbifold T /G is the 3-sphere with a singular graph described in Figure 5 (the orbifolds of the cubic space groups are described in [14, 5] ). Denote by χ = χ(Σ/G) and n i , i = 2, 3, 4, the number of times the surface Σ/G intersects the i-fold axes (note that Σ/G does not meet the vertices of the tetrahedron). Each one of these intersection points produces a branch point of order i − 1. Therefore, the Riemann-Hurwitz formula gives χ(Σ) = 96χ − 48n 2 − 2 × 32n 3 − 3 × 24n 4 . If χ ≤ 0, we get χ(Σ) ≤ −48. If χ = 2, we have χ(Σ) = 192 − 48n 2 − 64n 3 − 72n 4 = 8(24 − 6n 2 − 8n 3 − 9n 4 ).
By checking the various possibilities, one can see that the largest value for χ(Σ) smaller than or equal to −16 is −32, which corresponds to (n 2 , n 3 , n 4 ) equal to (2, 2, 0) (from Figure 5 use that we have (a) n 3 = 0 ⇒ n 4 is even, (b) n 3 = 1 ⇒ n 4 = 0 and (c) n 2 = 0 ⇒ n 3 and n 4 are even). Thus χ(F 432) ≤ −32. The argument applies to the supergroup F m3m.
